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The objective of this paper is to investigate the oscillation and asymptotic behavior of solutions to the following higher order nonlinear delay differential equation: $$\documentclass[12pt]{minimal}
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A solution of equation ([1.1](#Equ1){ref-type=""}) is called oscillatory if it has arbitrarily large zeroes, otherwise it is called non-oscillatory. Equation ([1.1](#Equ1){ref-type=""}) is called oscillatory if all its solutions are oscillatory. For solutions of some nonlinear delay differential equations, some interesting phenomena will occur. For example, some solutions are oscillatory, while there may exist some other solutions which are not oscillatory but will converge to zero as time approaches to infinity. We take a third-order delay differential equation as example. The equation $$\documentclass[12pt]{minimal}
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Since Sturm \[[@CR20]\] introduced the concept of oscillation when he studied the problem of the heat transmission, the oscillation theory has been a very active area of research in the qualitative analysis of both ordinary and functional differential equations. Usually, a qualitative approach is concerned with the behavior of solutions of a given differential equation and does not seek explicit solutions. Since then, asymptotic and oscillatory properties of solutions to different equations, functional differential equations, and dynamical equation have attracted the attention of many researchers.

The oscillation and asymptotic behavior have extensive applications in the real world, the readers can refer to the monographs \[[@CR1], [@CR4], [@CR6], [@CR14]\], and \[[@CR21]\] for more details. The problem of obtaining the oscillatory and asymptotic behavior of certain higher order nonlinear functional differential equations has been studied by a number of authors. The interested readers can see \[[@CR3], [@CR5], [@CR9]--[@CR11], [@CR13], [@CR17], [@CR18]\], and the references cited therein.

There are many excellent works studying the oscillations and asymptotic behaviors of solutions to higher-order nonlinear delay differential equations, to list all of which is almost impossible. We just list some studies relating to our work below.
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In 2008, the authors studied in \[[@CR2]\] the following 2*n*-order nonlinear functional differential equation: $$\documentclass[12pt]{minimal}
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In 2014, the oscillation and asymptotic behavior of solutions to the following nonlinear delay differential equation were studied in \[[@CR15]\]: $$\documentclass[12pt]{minimal}
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The present paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we present some lemmas which are useful in the proof of our main results. In Sect. [3](#Sec3){ref-type="sec"}, we carry out delicate analysis to give several oscillatory and asymptotic criteria for the higher order nonlinear delay differential equation ([1.1](#Equ1){ref-type=""}). Noting that the delay $\documentclass[12pt]{minimal}
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Some preliminary lemmas {#Sec2}
=======================

To give the main results of this paper, we first present and prove some useful lemmas. These lemmas play central roles in the proof of our new oscillation and asymptotic results in the next section.

Lemma 2.1 {#FPar1}
---------
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Proof {#FPar2}
-----

We use the contradiction argument to prove this lemma. Suppose that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\ge T\ge a$\end{document}$. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y(t)y^{ ( {n+1} )} ( t )$\end{document}$ *is eventually positive*.

Proof {#FPar4}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y ( t )$\end{document}$ be a non-oscillatory solution to equation ([1.1](#Equ1){ref-type=""}) such that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y(t)y^{ ( n )}(t)>0$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\ge T\ge a$\end{document}$. Without loss of generality, we may assume $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$y^{ ( n )}(t)>0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\ge t_{0} \ge T$\end{document}$). Using equation ([1.1](#Equ1){ref-type=""}), we know $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ y^{ ( {n+2} )} ( t )< 0 \quad \text{for } t\ge T. $$\end{document}$$

From the above inequality, we know $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$y^{ ( {n+1} )} ( t )$\end{document}$ is strictly monotonically decreasing in the interval $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[T,+\infty )$\end{document}$, and therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y^{ ( {n+1} )} ( t )$\end{document}$ is eventually positive or eventually negative.

We use a contradiction argument to exclude the case that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y^{ ( {n+1} )} ( t )$\end{document}$ is eventually negative. In fact, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$y^{ ( {n+1} )} ( t )$\end{document}$ is eventually negative, without loss of generality, we may assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y^{ ( {n+1} )} ( t )<0$\end{document}$ for $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y^{ ( {n+1} )} ( t )$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ y^{ ( {n+1} )} ( t )\le y^{ ( {n+1} )} ( T ) \quad \text{for } t\ge T. $$\end{document}$$ Integrating from *T* to *t* on both sides of inequality ([2.5](#Equ6){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ y^{ ( n )} ( t )\le y^{ ( n )} ( T )+ ( {t-T} ) y^{ ( {n+1} )} ( T ) \quad \text{for } t\ge T. $$\end{document}$$ By letting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$t\to +\infty $\end{document}$ in the above inequality, we see $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$y^{ ( n )} ( t )\to -\infty $\end{document}$ and this leads to a contradiction. Therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y(t)y^{ ( {n+1} )} ( t )$\end{document}$ is eventually positive and hence we have completed the proof of Lemma [2.2](#FPar3){ref-type="sec"}.

By careful check of the proving process of Lemma 1.1 in \[[@CR8]\], we obtain the following results which will be used in the following proof. □

Lemma 2.3 {#FPar5}
---------

*Assume that* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{amsfonts} 
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                \begin{document}$l\in \{ {0,2,4,\ldots , n-1} \}$\end{document}$) *such that*, *for all sufficiently large* *t*, $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$x ( t ) x^{ ( j )} ( t )>0$\end{document}$ *for* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\vert {{x}' \bigl( {g ( t )} \bigr)} \bigr\vert \ge \frac{g ^{l-1} ( t ) ( {t-g ( t )} ) ^{n-l-1}}{2^{l-1} ( {l-1} )! ( {n-l-1} )!} \bigl\vert {x^{ ( {n-1} )} ( t )} \bigr\vert $$\end{document}$$ *for all sufficiently large* *t*.

Lemma 2.4 {#FPar6}
---------

*Suppose that the function* $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
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                \begin{document}$\lim_{t\to +\infty } x(t) = +\infty $\end{document}$.

The statements are obvious, which can be easily checked, we therefore omit the proof here.

Lemma 2.5 {#FPar7}
---------

*Suppose that* *n* *is a positive integer*, $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$t\ge T'$\end{document}$;(ii)*Suppose that* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$t\ge {T}'$\end{document}$.

Proof {#FPar8}
-----
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Asymptotic dichotomy {#Sec3}
====================
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Theorem 3.1 {#FPar9}
-----------

*Suppose that equation* ([2.1](#Equ2){ref-type=""}) *is non*-*oscillatory and condition* ([3.1](#Equ8){ref-type=""}) *or* ([3.2](#Equ9){ref-type=""}) *holds*. *We further assume that there exists a positive differentiable function* *ρ* *such that* $$\documentclass[12pt]{minimal}
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-----
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Theorem 3.2 {#FPar11}
-----------
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Proof {#FPar12}
-----
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Theorem 3.3 {#FPar13}
-----------
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Proof {#FPar14}
-----
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Let *δ* be an arbitrary positive number. By ([3.32](#Equ39){ref-type=""}), we know that there exists $\documentclass[12pt]{minimal}
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From ([3.30](#Equ37){ref-type=""}), we can choose a sequence $\documentclass[12pt]{minimal}
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Combining ([3.28](#Equ35){ref-type=""}) and ([3.32](#Equ39){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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By ([3.38](#Equ45){ref-type=""}) and ([3.39](#Equ46){ref-type=""}), we know there exists a positive integer *N* such that, for $\documentclass[12pt]{minimal}
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Some applications of the asymptotic dichotomy {#Sec4}
=============================================

In this section, we give some examples to illustrate the applications of the asymptotic dichotomy proved in the previous section.

Example 4.1 {#FPar15}
-----------

Consider the fourth-order delay differential equation $$\documentclass[12pt]{minimal}
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It is easy to verify that equation ([4.1](#Equ52){ref-type=""}) satisfies condition ([3.2](#Equ9){ref-type=""}) and that the equation $\documentclass[12pt]{minimal}
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Hence condition ([3.3](#Equ10){ref-type=""}) in Theorem [3.1](#FPar9){ref-type="sec"} holds, and we can use Theorem [3.1](#FPar9){ref-type="sec"} to conclude that all the solutions of equation ([4.1](#Equ52){ref-type=""}) are oscillatory or approaching to zero as $\documentclass[12pt]{minimal}
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Example 4.2 {#FPar16}
-----------

Consider the fifth-order delay differential equation in the following: $$\documentclass[12pt]{minimal}
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It is easy to verify that equation ([4.2](#Equ53){ref-type=""}) satisfies condition ([3.2](#Equ9){ref-type=""}) and the equation $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\to +\infty $\end{document}$. It is easy to verify that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y ( t )=e^{-t}$\end{document}$ is a solution of equation ([4.2](#Equ53){ref-type=""}) which is approaching to zero as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\to +\infty $\end{document}$.
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